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Introduction
The BRST symmetry was discovered in [1] and [2] in the context of gauge theories. The symmetry is generated by the BRST operator (BRST charge) Q whose square is zero, Q 2 = 0. It is used to describe the physical state space in constrained Hamiltonian (and Lagrangian) systems (see [3] , [4] and references therein). The BRST operator Q is related to the homology of Lie algebras ( [5] , [6] ).
The simplest BRST operator appears in theories with first class constraints χ i , i = 1, 2, . . .; the constraints satisfy the Lie (super-)algebra relations
Here (k) ≡ 0, 1 mod 2 is the parity of the generator χ k , (k) ≡ 0 for a boson constraint χ k and (k) ≡ 1 for a fermion constraint χ k ; C k 1 i 1 i 2 are the structure constants which satisfy the Jacobi identity together with To prepare the stage for general quantum Lie algebras (see the definition in Section 2) we rewrite (1.1) in the form
where σ k 1 k 2 i 1 i 2 = (−1) (i 1 )(i 2 ) δ k 1 i 2 δ k 2
is the super-permutation matrix. For the quantum Lie algebras, the operator σ is an invertible solution of the Yang-Baxter equation which is not necessarily the super-permutation. We shall see in Section 2 how to write the Jacobi identity and the conditions (1.2) and (1.3) in the general case.
The BRST operator for the algebra (1.1) is cubic in generators; it has the standard "two-term" form Q = c n χ n − 1 2 c n c m φ rs mn C k rs b k , (1.6) where the additional generators {c n , b m } are the canonical (super) ghosts and anti-ghosts; we shall write the relations concerning the ghost-anti-ghost sector in the form adapted for the general quantum Lie algebras. The relations between ghosts-anti-ghosts and the generators
where
The relations for ghosts-anti-ghosts are
In (1.7) and (1.9) we have taken fermionic (respectively, bosonic) ghosts-anti-ghosts c k and b k for the bosonic (respectively, fermionic) constraints χ k . There is however an alternative choice 1 of the ghost sector in the algebra: one can set the matrices φ andσ to be the super-permutations (1.5), φ =σ = σ .
The relation (1.11) trivially holds for this choice as well.
The fact of having several choices for (1.7), (1.9) is a strong motivation for us to work with not necessarily canonical ghosts in the construction of the BRST operators for general quadratic algebras.
In this paper we discuss the form of the BRST operator for the gauge theories with constraints satisfying the quadratic relations (1.4) with the braid matrix σ which is not necessarily equal to the (super-)permutation matrix. We restrict our attention to the simplest (unitary) situation when σ 2 = 1. The BRST operator was investigated in the framework of 2D conformal theories for various non-linear algebras which include the Virasoro algebra (like W -type algebras), see, e.g, [8] , [12] , [13] . The interest in the construction of the BRST charge Q for quadratic algebras (1.4) has been recently renewed in [9, 10] in the study of the higher spins in the AdS spaces (about quadratic algebras in this context see [11] ). The main idea of our approach is to modify the ghost sector in the algebra in a way, compatible with the algebra of constraints (and not insisting on having the canonical ghosts, as it is done usually, see, e.g., [12] and [9] ). More precisely, for the algebra defined by the quadratic relations (1.4) with a given braid matrix σ, we work with the quadratic ghost sector whose defining relations may contain the matrix σ as well.
The paper is organized as follows. In Section 2 we introduce non-canonical quadratic ghosts and anti-ghosts and generalize the construction of the BRST operator for Lie (super-)algebras to quantum Lie algebras with the unitary braid matrix σ. The data needed to define the ghost sector include a twist pair {σ, φ} of braid matrices. In Section 3 we consider two physical examples of quadratic algebras -the W 3 and W algebras. As in section 2, we work with general quadratic ghost algebras. For the W 3 algebra, it turns out that the most general ghost sector includes two arbitrary parameters. We show that the BRST operator exists for arbitrary values of the parameters. The known BRST operators for the W 3 and W (2) 3 algebras, based on the usual, canonical, ghosts and anti-ghosts, contain terms of degree higher than 3 in the generators. We find that for a certain choice of the values of the parameters (entering the definition of the ghost sector), the BRST operator has the simple conventional cubic form as in the case of the Lie (super-)algebras (1.6).
BRST operator for quadratic algebras
Consider an algebra A with generators χ i and defining quadratic-linear relations of the form
or, in the concise notation ( [14] , [15] ),
The algebra A is called quantum Lie algebra (QLA) if the structure constants σ ij kl and C k ij satisfy (for details see [15] )
Eq. (2.3) is the braid relation for the matrix σ kl ij and (2.4) is an analogue of the Jacobi identity. Eq. (2.5) reduces to (1.2) for Lie super-algebras. In the concise notation ( [14] , [15] ), the identities (2.3) -(2.7) read
Below we consider the simplest, unitary, braid matrices σ, that is,
In this situation, eq. (2.11) follows from eq. (2.10) and eq. (2.12) is equivalent to (cf. (1.3) for Lie super-algebra case)
Introduce the ghost generators c i and b i with defining quadratic relations
where I is the identity operator. We require that the matrixσ ij kl satisfies the braid relation as well,σ
give the same result. We note (and we shall not repeat it later) that the braid relation is stronger than the reordering requirement .
The appearance of another braid matrixσ in (2.15), (2.16) follows the example of Lie super-algebras (see eqs. (1.7) and (1.9)) where the braid matrix σ in (2.2) is the super-permutation matrix (1.5) whileσ is defined in (1.10). Note that in particular one could identify the braid matricesσ and σ. The possibilityσ = σ is also motivated by the differential calculi on quantum groups [7] , [15] . Non-linear algebras withσ = σ (for general non-unitary matrices σ) and the corresponding BRST operators were studied in [15] , [16] and [17] .
The smash product Ω of the QLA (2.2) and the ghost algebra (2.15), (2.16) is fixed by the cross-commutation relations
We require that the matrix φ ij kl satisfies relations
give the same result.
We now construct the BRST operator for the algebra Ω.
Proposition. Let
The operator (cf. (1.6))
if the matrix φ obeys (2.20) and defines the twist between the matrices σ andσ:
Proof. We note that (2.17) and (2.19) follow from (or are contained in) (2.8), (2.24) and (2.25) . In view of (2.13) and (2.24) we haveσ 2 = 1.
In the second equality we used (2.16); in the third equality we usedσ 2 = 1 and relabeled the spaces in the second term; in the fourth equality we introduced, for i < j, the higherrank matrices
which satisfy, by (2.24)-(2.26),
Here σ l stands for σ l,l+1 (same forσ). Then we took into account that, by (2.24)-(2.26), (2.10) and (2.20) , 
k , for the braid matrix σ constructed with the help of the recurrence relation
In the last, sixth, equality in (2.27) we used (2.29) as well as
then (2.28) and then finally the identities (see [18] for details)
(2.31) 2. Since Q 2 gh = 0, the verification of Q 2 = 0 reduces to
where [, ] + is the anti-commutator and "?" denotes the statement which should be checked. So we need to check only terms depending on the generators χ k :
For the first term in l.h.s. of (2.33) we have 
Here we used (2.29) and took into account that
by (2.28), (2.30). •
We conclude that the data for the construction of the algebra with ghosts include the twist pair {σ, φ}, like in the study of the quantum matrix algebras and characteristic equations for them in [19] .
As for the quantum matrix algebras, there are two natural possibilities to choose the twisting matrix φ for the general braid matrix σ. The first possibility is φ = σ ±1 . The second possibility is to choose φ to be the super-permutation matrix (1.5). Then the ghosts simply (anti-)commute with the generators of the QLA (with this choice of φ, the twist equations (2.25) say only that the braid matrix σ should be even, i.e., σ ij kl = 0 if (i) + (j) + (k) + (l) = 0, see [20] ). For the purely even (bosonic) algebra A, this second choice is the permutation matrix, φ kl nm = δ k m δ l n , which leads to the direct tensor product of the QLA and the ghost algebra (2.16); the ghosts commute with the generators of the QLA,
The possibility (2.37) will be employed in the next Section for the algebras W 3 and W 
BRST operator for W and W (2) algebras
We have seen in the previous Section that the BRST charge for quadratic algebras may be constructed with not necessarily canonical ghosts and anti-ghosts. The natural question is whether, in the known examples, the structure of the BRST charge simplifies for a certain modification of the ghost-anti-ghost sector.
In this Section we consider two simplest quadratic algebras with an infinite number of generators, the W 3 and W algebras. Their known BRST charges, based on the usual, canonical, ghosts and anti-ghosts, include terms of degree higher than 3 in the generators. We shall see that there is a freedom in the ghost-anti-ghost sector for these algebras. We demonstrate that for a certain choice of the ghost-anti-ghost sector, the BRST charges for these algebras can written in the conventional, "degree three" form.
W 3 algebra
Our first example of a quadratic algebra with an infinite number of generators is the W 3 algebra discovered by A. Zamolodchikov in 1984 [21] . This algebra contains the Virasoro algebra, generated by the stress-tensor T (z), and has, in addition, a spin 3 current W (z). In terms of the Operator Product Expansion (OPE) the defining relations for the W 3 algebra have the form 2 All currents in the r.h.s. of (3.1) are evaluated at the point z 2 and all products of currents are supposed to be normally ordered, (AB)(z) = 1 2πi z dζ A(ζ)B(z) ζ−z . The main feature of the OPE's (3.1) is the appearance of the quadratic combinations of the currents T in the OPE of the W current with itself. These terms are absolutely necessary to fulfill the Jacobi identity for the currents T and W .
The BRST charge for the W 3 algebra (3.1) has been constructed by J. Thierry-Mieg in [8] . Explicitly the BRST charge reads
where the BRST current Q(z) has the following form 3
The ghosts-anti-ghosts currents (c T , c W , b T , b W ) obey the standard OPE's:
(all other OPE's for the ghosts-anti-ghosts are regular).
The BRST charge (3.3) squares to zero,
if the central charge in the W 3 algebra (3.1) is equal to its critical value c = 100. With this central charge, the ghost modified currentT ,
obeys the Virasoro algebra with the zero central chargẽ
One checks that with respect toT the rest of the currents are primary, with the conformal dimensions
as it should be.
The OPE's (3.1), (3.5) and the BRST current (3.4) are invariant under the following automorphism transformations
(3.10)
Observe that the last term in the expression (3.4) for the BRST charge is unconventional, it has degree 4 in generators. Motivated by the discussions in the previous Section, we modify the ghost-anti-ghost algebra and study the resulting consequences for the BRST charge. The only restrictions we impose on the modified ghosts are: (i) the relations remain quadratic; (ii) the compatibility with the conformal weights (3.9); (iii) the invariance under the automorphism (3.10). One checks that the most general nonlinear ghosts-anti-ghosts algebra, fulfilling these requirements, depends on two arbitrary parameters (g 1 , g 2 ). The corresponding OPE's read:
(3.11)
The relations (3.11) define a quadratic algebra and the Jacobi identity is satisfied for arbitrary values of the parameters g 1 and g 2 . Now this is a matter of calculations to check that the BRST current for the W 3 algebra with the new ghosts system (c T,W ,b T,W ) exists for arbitrary values of the parameters g 1 and g 2 . The BRST current has the form For general values of the parameters g 1 and g 2 , the BRST current contains unconventional terms -the third line in (3.12) . The unconventional terms can be removed if we choose (and this choice is unique)
Thus we see that the net effect of using the non-canonical ghost algebra is a freedom in the BRST charge. This freedom could be further fixed in a such way as to get the conventional form of BRST charge. Clearly, the standard, canonical, construction corresponds to the choice g 1 = g 2 = 0.
Finally, it is worth to note that for any values of the parameters g 1 and g 2 there is a non-linear transformation sending the old, canonical, ghosts-anti-ghosts currents (3.5) to the modified ghosts-anti-ghosts currents (3.11) . It has the following form:
Although the transformation (3.14) is non-linear, it is clearly invertible. Note that under this transformation (for g 1 = 0) the form of ghost stress-tensor
does not change.
W
(2) 3 algebra Another example of the quadratic algebra with an infinite number of generators is provided by the so called W algebra. In this subsection we demonstrate, without going into details, that the corresponding BRST current can be also brought to the conventional form by a proper modification of the ghost algebra.
The W 
Conclusion
In this paper we have studied BRST operators for quadratic algebras. We have shown that the form of the BRST operator for the W 3 and W (2) 3
algebras can be considerably simplified if one allows for a non-canonical quadratic ghost-anti-ghost sector instead of the canonical one. The possibility of having non-canonical ghosts-anti-ghosts is motivated by the BRST theory for Lie super-algebras (discussed in the Introduction) as well as by the Woronowicz theory [7] of differential calculi on quantum groups where the algebra of differential forms is deformed according to the algebra of non-commutative vector fields (the BRST operator in this case was constructed in [15] , [16] ).
We note that the phenomenon of the non-linear realization of the non-canonical ghosts via the canonical ones, observed in Section 3 for the W -algebras, is not universal and can not, in general, be realized for the quadratic algebras from Section 2, even if the number of generators is finite.
Strictly speaking, the W -algebras from Section 3 are not defined in the form appropriate for the quantum Lie algebras; we don't know the braid matrix formulation for these algebras.
An intriguing question is how to write a non-linear ghost sector for a general nonlinear algebra. For the W -algebras in particular, the appropriate non-linear ghost sector has to follow from the basic OPE's of the algebra we started from. An answer to this question could help to solve long standing problems of construction of the BRST charges for some infinitely generated super-algebras. In this respect the most interesting case is the structure of the BRST charge for the N = 2 super-symmetric W 3 algebra [25] , [26] . The main problem here is the infinite Ansatz for the BRST charge (within the standard formulation) due to the presence of bosonic ghosts-anti-ghosts combinations with zero conformal weight and zero ghost number. We hope that the present approach will help in solving this problem, which probably will open a way to construct N = 4 super W 3 algebra along the lines presented in [27] .
